We introduce a novel framework that incorporates multiple scattering for large-scale 3D particle-localization using single-shot in-line holography. Traditional holographic techniques rely on single-scattering models which become inaccurate under high particle-density. We demonstrate that by exploiting multiple-scattering, localization is significantly improved. Both forward and back-scattering are computed by our method under a tractable recursive framework, in which each recursion estimates the next higher-order field within the volume. The inverse scattering is presented as a nonlinear optimization that promotes sparsity, and can be implemented efficiently. We experimentally reconstruct 100 million object voxels from a single 1-megapixel hologram. Our work promises utilization of multiple scattering for versatile largescale applications.
Introduction
3D particle-localization using in-line holographic techniques is a fundamental problem having many applications, such as biological sample characterization [1, 2] , flow cytometry [3, 4] , fluid mechanics [5, 6] , and optical measurement [7] [8] [9] . Reconstructing very dense samples, however, still remains challenging [10] . Standard back-propagation method (BPM) can only handle low particle density [10] . Compressive holography based on the first Born approximation significantly improves upon BPM by imposing sparsity constraints [11, 12] . However, it suffers from an underlying single scattering assumption, which becomes invalid at high particle densities when multiple scattering effects become significant. In this work, we propose, for the first time to our knowledge, a framework that accounts-for multiple scattering in in-line digital holography, and enables accurate 3D particle-localization at high density.
Multiple scattering induces a nonlinear relation between the permittivity contrast and the scattered field, making it difficult to invert [13] . Many algorithms have been proposed to solve the inverse multiple scattering problem and demonstrate improved performance over single-scattering methods, such as Born series [14] [15] [16] [17] [18] , contrast source inversion [19] [20] [21] [22] , modified gradient [23, 24] , Lippmann Schwinger equation [25, 26] , and hybrid methods [27] [28] [29] [30] . However, computational challenges restrict them to be used only for small-scale problems. Furthermore, these methods perform multishot tomography. While this does alleviate the ill-posedness of the inverse problem, it also increases acquisition time and system complexity. Multi-shot also poses a challenge when imaging dynamic objects like particles suspended in fluid. Therefore, it is of interest to investigate if one can exploit multiple scattering using only a singleshot measurement. In this work, we demonstrate inverse multiple scattering for largescale problems and reconstruct 100 million voxels from a single 1-megapixel in-line hologram. We show that even under such highly ill-posed conditions, accounting for multiple scattering can still significantly improve results compared to single scattering techniques.
To model multiple scattering, we build our model based on the iterative Born series [13] . To make it computationally efficient, we first discretize the object into a series of 2D axial slices, and then calculate both forward and backward scattering within the volume. Our technique follows a similar computational structure as the multislice model [31] [32] [33] . However, the latter only accounts for forward multiple scattering, and ignores back-scattering . Here we show that back-scattering becomes more important as particle density increases.
To compute multiple scattering, we introduce a novel 3D→3D operator which can be implemented efficiently for large-scale. It uses a recursive computational structure, in which each subsequent recursion estimates the next higher-order scattering term within the object volume. This process is carried out until either the total field converges to a steady-state, or up-to an arbitrary order. For the first-order, our method reduces to the traditional single scattering model based on the first Born approximation. Next, we use a 3D→2D operator to propagate the total field to the image-plane, which gives the final estimated hologram. Importantly, our multiple scattering model encodes information from high-angle scattering within the object volume, which is otherwise ignored in single scattering based methods. We show that this extra information leads to better recovery of the scatterers at larger depths.
The inverse-scattering problem is posed as an optimization that iteratively minimizes the error between the estimated and measured holograms, while enforcing piece-wise continuity and sparsity on the object. This prior is particularly effective for discrete scatterers suspended in a homogeneous medium. The minimization is carried out via the proximal-gradient method [34] . Conveniently, the gradient computation is recursive, and efficiently implemented via FFT-based operations.
It has been observed that single scattering based inversion tends to under-estimate the permittivity contrast [17, 25, 35] . We show that the under-estimation is progressively mitigated as the scattering order is increased in our model. We experimentally demonstrate our method using an in-line holography system to image polystyrene microspheres suspended in water at various densities. At low particle density, our method converges to the single scattering solution, which is expected since the information is dominated by first order scattering. At high particle density, our method significantly improves the 3D localization accuracy since multiple-scattering becomes more important. Our technique paves the way for many versatile large-scale applications for multiple scattering.
Theory and method

Forward model
Consider the imaging geometry in Fig. 1(a) . An in-line hologram can be written as I(
, where E is the scattered field, u in is the incident plane wave and is real on the hologram plane (z out = 0), x out = (x out , y out ) represents the transverse spatial coordinates on the hologram plane. The self-interference term of the scattered field |E| 2 is ignored as generally done in holography [11] . The scattered field can then be related to the measured hologram after the background removal by Re{E(x out , 0)} = (I(x out ) − |u in | 2 )/2u in . Under the iterative Born approximation (IBA), the scattered field at the hologram plane is estimated as
where f represents the permittivity contrast of the object with a 3D support Ω, h is the Green's function and u K (x , z ) is the K th order multiple-scattered field within the volume Ω, which is computed recursively according to the Born series as
Note that the spatial coordinates associated with the object are within the 3D support: (x, z) ∈ Ω, (x, z ) ∈ Ω; whereas the hologram is taken outside of the support: (x out , z out ) / ∈ Ω. The initial condition u 0 (x, z) = 0, and k = 1, 2, ..., K indexes the scattering order. When K = 1, u 1 (x, z) = u in (x, z) is the incident field (from (2)), and (1) reduces to the first-Born approximation that linearly relates the object to the singly scattered field and is traditionally used in modeling holography. When K = 2, this relation becomes nonlinear and the second order multiple scattering is taken into account via modeling of the additional interaction between the object and the field within the volume. For larger K, the approximation becomes more accurate by accounting for K-order multiple scattering.
Equations (1) and (2) can be discretized to get the following recursive forward model
Here, f and u k have dimension (N x N y N z ) × 1, and E is (N x N y ) × 1. N x , N y , and N z are the number of pixels along the x, y, and z within Ω, respectively. diag(u) represents a diagonal matrix with the vector u on the main diagonal. We consider the 3D volume to be a set of discrete 2D slices along the longitudinal axis. H and G are operators which represent propagation among these slices. H propagates the field from the object support to the hologram plane. H = K H Q 0 B, where B = bldiag(K, .., K) is a block-diagonal matrix. K and K H are the 2D DFT and the inverse 2D DFT matrices respectively, each with dimension (
, where L z −z is a diagonal matrix representing the discrete transfer function that performs propagation between two slices, from the slice z to z . G is the multiple scattering operator that performs propagation from the object volume to within itself (Fig. 2) .
, and it contains transfer functions that propagate the field from each slice to every other slice, within the object support. There are two methods of computing the elements in the propagation transfer function L z −z having dimension (N x N y ) × (N x N y ), the direct method and the angular spectrum method [36] . We use the direct method, in which the free-space Green's function h(r) = exp(ιk|r|) |r|, is sampled in the spatial domain, followed by slice-wise 2D FFT, where r = (x, y, z) and k is the wave-number.
Inverse problem
To estimate the object f from the hologram, we need to solve Eqs. (3, 4) . Unlike traditional digital holography, this problem is not linearly separable when K > 1. The inverse reconstruction is posed as the following minimization
where
2 is the data fidelity term in which E meas represents the background removed measurement and E est the real part of the estimated scattered field. f TV imposes a penalty on the total variation (TV) of the object, that incorporates sparsity in the gradient-domain as a prior. F is the convex set that constrains the object to be nonnegative. τ is the regularization parameter that is empirically tuned.
The minimization in (5) is carried out via proximal-gradient method, whose iteration is presented as follows
where α is the step size set via backtracking line search, and prox τ TV g)
f TV is the proximal operator for TV minimization. The initialization is f 0 = 0 for all experiments in this study. Similar to the forward model, the gradient computation is also a K-order recursion.
where r = E est (f ) − E meas is the residual, A H and A represent the hermitian and complex conjugate of the matrix A, respectively. The recursion is initialized with ∂u 0 /∂f = 0. Brute-force evaluation of the gradient is highly compute-intensive for large-scale, with each vector having more than 100 million elements. We devise a computationally efficient implementation by making use of the FFT-based structure. This study extends the work by Kamilov et al. [16] from small-scale 2D to largescale 3D, and demonstrates reconstruction from intensity-only as opposed to full-field complex measurements.
Results
We test our model on both simulations and experiments. In our experiment, the inline holography setup uses a 633nm HeNe laser that is collimated for plane wave illumination [ Fig. 1(b) ]. A 4F system with a 20× objective lens (0.4NA, CFI Plan Achro) and a 200mm tube lens is used to collect the scattered field with the Nyquist sampling requirement satisfied. A CMOS sensor (FLIR GS3-U3-123S6M-C) is used to capture the holograms. The object consists of polystyrene microspheres with nominal diameter 0.994 µm±0.021µm (Thermofisher Scientific 4009A) suspended in deionized water. The suspension is held in a quartz-cuvette with inner dimensions 40 × 40 × 0.5 mm 3 . The illumination beam diameter is less than the width of the cuvette, while larger than the CMOS sensor area to avoid edge artifacts. The front focal plane of the objective lens was set just outside the inner wall of the cuvette for hologram recording.
Importantly, Eq. (4) requires computations of high-NA multiple scattering propagation within the object volume; thus the field within the object is required to be sampled at Nyquist rate of λ/2 to avoid aliasing. In our system, the camera's pixel-size is 3.45µm, and the effective lateral sampling size after magnification is δx = δy = 172.5nm. This satisfies the sampling requirement in the medium, where the wavelength is λ = 630nm/n water = 473.7nm. We also set the voxel size along axial direction δz = 172.5nm, such that the the voxels are cubic and each 2D slice represents a thin cross section of the 3D sample. The spacing between slices is set to be 5µm, approximately matching the system's axial resolution of λ/(1 − 1 − NA 2 ) = 5.7µm.
During the computation, 2× zero-padding is used in all FFTs to avoid boundary artifacts. We demonstrate large-scale holographic reconstructions on 100 million voxels in a 176 × 176 × 500µm 3 volume. For our simulation studies, we model the system parameters to approximately match the physical setup. On such a large scale, rigorous solutions like FDTD are computationally prohibitive, and sample complexity makes analytical solutions like Mie theory nontrivial. Therefore, we simulate the hologram using our model with a sufficiently high scattering order, e.g. K ≥ 10. The order is chosen such that the model converges and the simulated field closely estimates the actual. In order to validate this, we present a convergence metric and show that the model converges within the first few scattering orders for all tested scenarios. In what follows, we present our findings.
Multiple scattering in the forward-model
Backscattering is usually ignored in forward models based on the traditional singlescattering approximations [10, 11] , or the recently demonstrated multislice method [31] [32] [33] . Our model accounts for both backward and forward multiple scattering. Here we show that, for the imaging conditions under study, backscattering contributions become more important as the particle density and/or the permittivity contrast increase.
First, we simulate a 44 × 44 × 150µm 3 volume in which identical scatterers are suspended randomly in water (n = 1.33). The amplitude of the incident field is set to be 1, without loss of generality. Each scatterer is disk-shaped with diameter 1µm and thickness δz. The permittivity contrast profile of the disk is determined by projecting the permittivity of a 1µm sphere to a disk, so as to emulate a microsphere of refractive index 1.34 or 1.52. The first value corresponds to a weakly scattering case (δn = 0.01), where it is expected that backscattering effects, and multiple scattering in general, will be less significant. The second refractive index corresponds to a strongly scattering case (δn = 0.19), where we expect backscattering to be stronger. We also consider two cases of the volume density of scatterers. It is expected that backscattering contributions become more significant for the denser mixture due to a larger scattering cross-section [37] . In Fig. 3 , for each sample discussed above, we plot the real parts of the scattered fields from (a) single scattering model (K = 1), (b) multiple scattering model (K = 10), (c) multiple scattering model with forward-scattering only (K = 10, no backscattering). The field in (d) is the difference between (b) and (c), and thus represents the contribution from backscattering. We observe that for low contrast and low density, backscattering contribution is almost negligible and close to zero [ Fig. 3 row (i) ]. This represents the weakly scattering case where the first order field contains most of the information. For low contrast but high density, the scattering cross section increases and backscattering effects become slightly stronger [ Fig. 3 row (ii)]. For high contrast, it is observed that backscattering is prominent for both low and high volume densities [ Fig. 3 row (iii,iv) ]. The sample with large permittivity contrast as well as high volume density has the highest backscattering contribution [ Fig. 3 (iv) ]. For such samples, ignoring multiple scattering, or even backscattering alone, results in reconstruction inaccuracies.
Effect of multiple scattering in small-scale inversion
It has been shown that in the presence of strong multiple scattering, the single scattering models underestimate the permittivity contrast [17, 25, 35] . Here we validate our model on a small-scale simulation and make similar observations. We show that the underestimation is progressively mitigated as higher-order scattering is incorporated in the inversion.
We simulate a volume of 44 × 44 × 10µm 3 containing 8 disks in water, with refractive index n =1.52, diameter 1 µm and thickness δz [ Fig. 4(a) ]. We expect strong multiple scattering due to the high contrast (δn = 0.19), and occluding geometry along the optical axis. Occlusion causes strong axial field coupling via multiple scattering between scatterers, which is ignored by the first-order model [38] . We expect that such particle occlusion effects become more significant at higher particle density, as in our later experiments.
An inline hologram is simulated using our forward model at a distance δz from the front slice, such that it incorporates multiple scattering up to the 10 th order (K = 10). The hologram is then inverted using BPM, as well as our model incorporating 1 st , 2 nd and 3 rd order scattering. The BPM reconstruction corresponds to the minimum norm solution [39] and is able to recover the general scatterer profiles in the first and third slices [ Fig. 4 (b) ]. However, it suffers from well-known artifacts, such as poor axial sectioning. The reconstruction based on the 1 st order scattering model is able to better resolve the disks [ Fig. 4 (c) ], both axially as well as laterally due to inclusion of additional priors on the object, such as piece-wise smoothness. However, it underestimates the refractive indices. We attribute this artifact to the strong axial coupling via multiple scattering between the occluding disks, which is ignored by the 1 st order model. The central 26 × 26 pixels of each slice are shown in Fig. 4 for better visibility of scatterer profiles.
The underestimation is mitigated successively as we increase the order of inversion using our model. The 2 nd and 3 rd order reconstructions also demonstrate improved axial sectioning compared to the 1 st [ Fig. 4 (d,e) ]. The 3 rd order inversion closely resembles the ground truth, apart from the edge-ripple effect, which may be due to the low pass filtering effect of the system.
Large-scale inversion of multiple-scattering: simulation
Next, we demonstrate the inversion of multiple scattering from single-shot measurement in large-scale. For this purpose, we design a simulation which involves estimating the concentration of particles in a suspension from its inline hologram. We show that our multiple scattering model improves the accuracy in estimating the particle density, particularly at larger depths.
The simulated volume is 88 × 88 × 250µm 3 , discretized on a 512 × 512 × 50 grid, in which disk-shaped scatterers of 1 µm diameter and constant refractive index are suspended randomly in water, in varying concentrations. We consider two values of the refractive index contrast δn = 0.01 and 0.19. For each volume, we first simulate a 20 th order hologram, followed by the 1 st and 2 nd order inverse scattering reconstruction. The particle density is estimated for each reconstructed volume using the ImageJ 3D objects counter toolbox [40] .
As a measure of particle density, we consider the geometric cross-section R g , which corresponds to the fraction of the hologram area directly occluded by the scatterers, defined as R g = total cross-sections of all scatterers area of the hologram
where N p represents the total number of scatterers in the volume. For a collection of identical particles suspended in a homogeneous medium, the geometric and scattering cross-sections are directly related [37] , in which the latter is a direct measure of the fraction of the incident light scattered by an object. For higher values of R g , we thus expect greater contributions of multiple scattering. The values of R g tested are 0.01, 0.02, 0.05, 0.1, 0.2 and 0.4. First, we evaluate the reconstruction performance by measuring the normalized error between the estimated and reconstructed scatterers (SNR). For high index contrast (δn = 0.19), our multiple-scattering model performs consistently better than the single-scattering model for all densities tested [ Fig. 5(a)] . Generally, the reconstruction performance from both methods drop as the density is increased. We attribute this to stronger higher-order scattering and decrease in the object sparsity. The stronger scattering introduces higher order nonlinearity through (4), hence making the problem harder to invert. The decrease in object sparsity leads to an effective smaller measurement-to-unknown ratio, further worsen the ill-posedness of the problem.
For high contrast (δn = 0.19), at low particle density (R g ≤ 0.02), single and multiple scattering methods perform similarly. This is expected since multiple scatterings are weak due to the small scattering cross section. For 0.02 < R g ≤ 0.1, our method significantly outperforms the single scattering method, providing a better estimate of the actual particle density. For R g > 0.1, the SNR drops below 1dB, and we empirically consider the reconstruction is failing. For low index contrast (δn = 0.01), both multiple and single scattering methods perform almost identically for all densities tested [ Fig. 5(b) ].
Next, we examine the reconstructions at different depths. The depth-dependent performance is highlighted in Fig. 5(c) (δn = 0.19, R g = 0.1). Close to the hologram plane (z = 5µm), the singe and multiple scattering reconstructions are similar, and match the ground truth. At larger depth (z = 190µm), the single-scattering reconstruction degrades and results in a large number of missing particles. Our multiple scattering model greatly improves the localization at larger depths.
For the series expansion approach used in our model, it is important to evaluate its convergence. In Fig. 5(d) , we present the convergence properties of the forward model under our experimental conditions. While in general higher-order terms are required for convergence under stronger scattering, the 2 nd order scattering is sufficient for most of the cases studied.
Our convergence metric e is defined by the residual error of the field within the 3D volume [19, 25, 30] as
where A = (I − Gdiag(f )). This convergence metric essentially measures the selfconsistency of the total internal field and converges to zero if the higher order scattering diminishes [25] .
Large-scale experimental validation
Finally, we demonstrate our method on a set of large-scale experiments. Over 100 million object voxels (1024 × 1024 × 100) are reconstructed from each 1-megapixel hologram. Our multiple scattering model significantly improves the 3D localization accuracy as compared to the BPM and single scattering methods. Notably, the experimental results closely match the simulation. We prepare polystyrene microsphere suspensions, ranging from dense to sparse concentrations via successive dilution, with corresponding R g values of 0.4, 0.2, 0.1, 0.05, 0.0125, 0.0063. Five holograms are recorded at each concentration, and then used for reconstructions and density estimation. Background subtraction is performed on each hologram as a preprocessing step to remove static artifacts. The inversion is performed using our method with second-order multiple scattering (K = 2), the single scattering method, and BPM.
First, we evaluate the results based on the optimization convergence cost [ Fig. 6(a) ]. The multiple scattering method converges to a lower value than single scattering for all concentrations, indicating better fit to the cost function. The cost increases for both methods with R g , depicting degradation of reconstruction with increased concentration.
Next, we assess the estimated particle concentration. Our multiple scattering model consistently performs better than the single scattering model for R g ≤ 0.1 [ Fig. 6(b) ]. For R g > 0.1, reconstruction fails for both methods as also found in our simulation. Hence, we use R g = 0.1 as an empirical concentration bound for this application.
Evidently, the recorded holograms gradually resemble speckle patterns as the particle density increases [ Fig. 6(c) ]. We quantify the hologram's contrast ratio (CR) at each density, which can be used as an alternative empirical metric. At the critical R g = 0.1 concentration, the CR is around 0.335.
Finally, we closely examine the 3D reconstructions for R g = 0.0063 and R g = 0.1 [ Fig. 7 ]. For the low density case, single and multiple scattering methods perform similarly due to weak multiple scattering. For the high density case where multiple scattering becomes significant, our method significantly outperforms the single scattering model. Particle localization degrades with increased depth; our multiplescattering method provides a more uniform estimation and better localization at increased depth, matching our observations in the simulation. While BPM is able to reconstruct individual particles at the low density, it completely fails for high density, and resembles speckles extended across the object volume. 9 
Conclusion
We present a new framework for utilizing multiple scattering in inline holographic reconstruction for large-scale 3D particle localization. Our model recursively computes both forward and backward multiple scattering in a computationally efficient manner.
Both experiment and simulations demonstrate the significance of modeling multiple scattering in alleviating depth-dependent artifacts and improving the 3D localization accuracy compared to traditional models. Our method opens up opportunities for many large-scale imaging applications utilizing multiple scattering.
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